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The nondivergence of the generalized Gru¨neisen ratio (GR) at a quantum critical point (QCP)
has been proposed to be a universal thermodynamic signature of self-duality. In this work, we
study how the Kramers-Wannier-type self-duality manifests itself in the finite-size scaling behavior
of thermodynamic quantities in the quantum critical regime. While the self-duality cannot be
realized as a unitary transformation in the total Hilbert space for the Hamiltonian with the periodic
boundary condition, it can be implemented in certain symmetry sectors with proper boundary
conditions. Therefore, the GR and the transverse magnetization of the one-dimensional transverse-
field Ising model exhibit different finite-size scaling behaviors in different sectors. This implies that
the numerical diagnosis of self-dual QCP requires identifying the proper symmetry sectors.
Introduction.—Duality is a deep and elegant concept
in statistical mechanics and quantum field theory [1, 2].
It refers to the reformulation of a many-body system in
terms of drastically different degrees of freedom, which
typically maps a strongly coupled system into a weakly
coupled one, thereby it facilitates further nonperturba-
tive study. The recent discovery of duality between
(2+1)-dimensional massless Dirac fermions and quantum
electrodynamics (QED3) offers a deep insight into the
composite Fermi liquid in the half-filled lowest Landau
level [3].
Under a self-duality transformation, the reformulated
model has the same form as the original one but with a set
of modified coupling constants. The Kramers-Wannier
duality in the two-dimensional (2D) Ising model [4, 5]
and its incarnation in the 1D transverse-field Ising model
(TFIM) [6] is the simplest example of self-duality. The
spin order parameter is mapped into the nonlocal disor-
der parameter, and the paramagnetic phase into the fer-
romagnetic phase, and vice versa. The model at the crit-
ical point is invariant under the transformation. There-
fore, the self-duality must pose stringent constraints on
the universal critical phenomena.
A universal thermodynamic signature of self-dual
quantum critical points (QCPs) has been proposed in
a recent work by one of the authors [7]. The gener-
alized Gru¨neisen ratio (GR) defined in Eq. (2) at the
self-dual QCP was shown to be nondivergent in the
zero-temperature limit, which is in sharp contrast to its
universal power-law divergence at a QCP without self-
duality [8]. This conclusion was drawn based on the hy-
perscaling theory in the quantum critical regime. The
key point is the observation that the self-duality acts as
a unitary or an antiunitary transformation in the Hilbert
space and enforces the parity of the energy spectra on
both sides of the QCP. This establishes the connection
from the self-duality of the critical theory to the univer-
sal scaling function and observable quantities in critical
phenomena. The nondivergent GR was first found in the
1DTFIM with its exact solution [9] and observed in the
quantum critical regime of a quasi-1D antiferromagnet
BaCo2V2O8 [10].
In this work, we study the finite-size scaling theory
of thermodynamic quantities at the self-dual QCPs. The
1DTFIM is taken as an example to illustrate the main re-
sults. We first argue that the self-duality of the Kramers-
Wannier-type, which maps local order parameters into
nonlocal disorder operators, cannot be consistently de-
fined as a unitary transformation with periodic boundary
condition (PBC) in the total Hilbert space. This could
be traced back to the nontrivial real-space topology [2].
This distinguishes the Kramers-Wannier-type self-duality
from internal Z2 symmetries, the latter of which are de-
fined in terms of local degrees of freedom and are not
sensitive to the boundary conditions. Consequently, the
GR of the 1DTFIM with the PBC at the QCP in the
total Hilbert space is found to be divergent as the tem-
perature T → 0, if the product of T and the lattice size
L is fixed.
How does the self-duality manifest itself on finite-size
lattices? It turns out that with proper boundary condi-
tions, the self-duality can be defined as a unitary trans-
formation in particular symmetry sectors, and the GR
evaluated in such a sector does not diverge at the QCP.
In the 1DTFIM, the self-duality is well-defined in the Z2-
even sector for the PBC, and the Z2-odd sector for the
anti-periodic boundary condition (APBC). More generi-
cally, the self-duality can be defined in the total Hilbert
space if the Hamiltonian is supplemented with extra
boundary terms. In other words, the Hamiltonian can be
decomposed into an exactly self-dual part, plus an extra
boundary term. The extra boundary contribution to the
thermodynamic quantities on finite-size lattices is found
to be suppressed as y = 1/T 1/zL → 0, in which z is the
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2dynamical exponent, thus the nondivergence of the GR
at the self-dual QCP is recovered in the thermodynamic
limit. Besides, the self-duality also leaves traces in the
finite-size corrections to the transverse magnetization at
the QCP, which can also be used as numerical evidence
of self-duality.
Self-duality of 1DTFIM on finite-size lattices.—The
1DTFIM is defined by
H(g) = −
∑
i
σzi σ
z
i+1 − g
∑
i
σxi , (1)
in which σzi and σ
x
i are Pauli matrices. This model has
an internal Z2 symmetry under the action of Σ =
∏
i σ
x
i .
The Kramers-Wannier self-duality is usually formulated
in terms of the operator mapping [6], σzi →
∏
l≤i σ
x
l ,
and σxi → σzi σzi+1, which preserves the anticommutation
relation of the Pauli matrices. The Hamiltonian H(g) is
mapped into gH(1/g), thus the QCP at gc = 1 is self-
dual.
The GR Γ(T, g) is defined by
Γ(T, g) = −∂Tmx(T, g)
∂T (T, g)
, (2)
in which mx(T, g) = (1/L)
∑
i〈σxi 〉T and (T, g) =
(1/L)〈H〉T are the transverse magnetization and the en-
ergy density at temperature T , respectively. The GR
at the QCP Γ(T, gc) was shown to be nondivergent as
T → 0 if the self-duality acts as a unitary or an antiu-
nitary transformation [7]. This behavior distinguishes a
self-dual QCP from generic cases, for which the GR di-
verges with a power-law, Γ(T, gc) ∝ T−1/zν , in which ν
is the correlation-length exponent [8].
However, in the 1DTFIM on a finite-size lattice with
PBC, the self-duality mapping of operators cannot be
consistently realized as a unitary transformation in the
total Hilbert space. First, the energy spectra on both
sides of gc are not in a one-to-one correspondence. For ex-
ample, in the ferromagnetic phase, the ground state is ap-
proximately two-fold degenerate due to the spontaneous
symmetry breaking, while there is a unique ground state
in the paramagnetic phase. Second, the Z2 symmetry
operator Σ =
∏N
i=1 σ
x
i would be cast into
∏N
i=1 σ
z
i σ
z
i+1
under the mapping, which would equal the identity oper-
ator in the PBC. This implies that the operator mapping
is not self-consistent. Similar issues arise in the general-
ization of the Kramers-Wannier duality to other lattice
models with Abelian symmetry [1, 2].
The self-duality can be defined as a unitary transfor-
mation in certain symmetry sectors with proper bound-
ary conditions. The Z2-even sector with Σ = +1 is
spanned by
|s1, s2, . . . , sN 〉+ = 1√
2
(1 + Σ)|s1, s2, . . . , sN 〉z, (3)
in which the subscript z denotes the σz basis. The self-
duality transformation within this sector U+ is given by
U+|s1, s2, . . . , sN 〉+ = |sNs1, s1s2, . . . , sN−1sN 〉x, (4)
in which the subscript x denotes the σx basis. It is easy to
check that the state on the right-hand side lies in the Z2-
even sector as well. The operators in this sector are trans-
formed by U+σ
x
i U
−1
+ = σ
z
i σ
z
i+1, and U+σ
z
i σ
z
i+1U
−1
+ =
σxi+1, thus the Hamiltonian with the PBC restricted in
this sector H+(g) is exactly self-dual, UH+(g)U
−1 =
gH+(1/g). Moreover, the successive action of the self-
duality induces a spatial translation, U2+ = Tx, in which
Tx acts as Tx|s1, s2, . . . , sN 〉+ = |sN , s1, . . . , sN−1〉+.
In the Z2-odd sector with Σ = −1, which is spanned
by
|s1, s2, . . . , sN 〉− = s1√
2
(1− Σ)|s1, s2, . . . , sN 〉z, (5)
the unitary self-duality transformation can be defined by
U−|s1, s2, . . . , sN 〉− = |−sNs1, s1s2, . . . , sN−1sN 〉x. (6)
The operators in this sector are transformed by
U−σxi U
−1
− = ηiσ
z
i σ
z
i+1, and U−σ
z
i σ
z
i+1U
−1
− = ηiσ
x
i+1, in
which ηi = −1 for i = N and +1 otherwise. The Hamil-
tonian with the APBC restricted in this sector H− is
also exactly self-dual, U−H−(g)U−1− = gH−(1/g). Sim-
ilarly, we find U2− = Tx, in which Tx|s1, s2, . . . , sN 〉− =
|sN , s1, . . . , sN−1〉−.
Therefore, the proper definition of the self-duality as a
unitary transformation depends on the boundary condi-
tion and the symmetry sector. This is a generic feature of
Kramers-Wannier-type dualities of Abelian lattice gauge
theories and spin systems, because the partition function
on a lattice with nontrivial topology is mapped into a
weighted sum over the partition functions with different
boundary conditions [2].
The total Hilbert space is the direct sum of the Z2-even
and the Z2-odd sectors, thus the unitary transformation
U = U+ ⊕ U− is the exact self-duality transformation
for HSD = H+ ⊕H−. The 1DTFIM with PBC is given
by HSD plus an extra boundary operator, H = HSD +
2P−σzNσ
z
1P−, in which P− =
1
2 (1 − Σ) is the projection
operator into the Z2-odd sector.
The GR of the 1DTFIM with PBC are evaluated based
on the exact solution in the total Hilbert space and in
the symmetry sectors, i.e., the thermodynamic average is
taken in each sector [11, 12]. The results are shown in Fig.
1. In the Z2-even sector, the GR at the QCP Γeven(T, gc)
is precisely 1/2 at any T due to the exact self-duality in
this sector [7]. In contrast, the GR evaluated in the total
Hilbert space and in the Z2-odd sector diverge as T−1
(zν = 1 in 1DTFIM) on finite lattices with L = T−1.
This is surprising at first sight, given that the exact self-
duality is only broken by an extra boundary term, whose
impact is expected to vanish in the thermodynamic limit.
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FIG. 1. The Gru¨neisen ratio (GR) of the one-dimensional transverse-field Ising model (1DTFIM) close to the quantum critical
point (QCP) on finite-size lattices with the periodic boundary condition (PBC) evaluated in (a) the total Hilbert space, (b)
the Z2-even sector, and (c) the Z2-odd sector, respectively. The temperature T = 1/L. (d) The GR at the QCP versus T in
the double-log scale. The GR diverges as T−1 in the total Hilbert space and in the Z2-odd sector, but remains precisely 1/2
independent of T in the Z2-even sector. The GR is calculated by Monte Carlo sampling over the exact eigenstates from the
exact solution on finite-size lattices [11].
This paradox is resolved in the finite-size scaling theory
presented in the following section.
Finite-size scaling of thermodynamic quantities.—
Close to the QCP, the singular part of the free energy
density has the finite-size scaling form [13]
fs(T, g, L) ' T d/z+1φ˜
(
δg
T 1/zν
,
1
T 1/zL
)
, (7)
in which d is the spatial dimension, and δg = g − gc.
The reduced variables are denoted by x = δg/T 1/zν and
y = 1/T 1/zL in the rest of this work. φ˜(x, y) is a universal
scaling function, which reduces to the scaling function
φ(x) introduced in Refs. [7, 8] in the thermodynamic
limit.
The singular part of the energy density s(T, g, L) and
the transverse magnetization mx,s(T, g, L) close to the
QCP can be derived from Eq. (7),
s(T, g, L) ' −T d/z+1
(d
z
− 1
zν
x∂x − 1
z
y∂y
)
φ˜(x, y), (8)
mx,s(T, g, L) ' −T d/z+1−1/zν∂xφ˜(x, y). (9)
Therefore, the finite-size scaling of the GR in the quan-
tum critical regime, where |x|  1, is given by
Γ(T, g, L) = −∂Tmx,s
∂T s
' −T−1/zνγ(y), (10)
in which
γ(y) =
z
(
(d+ z − 1/ν)∂xφ˜(0, y)− y∂2x,yφ˜(0, y)
)
(d+ z − y∂y)(d− y∂y)φ˜(0, y)
. (11)
It reduces to the scaling form Γ(T, g) ∝ −GTT−1/zν ob-
tained in Ref. [8] as y → 0 in the thermodynamic limit.
What is the impact of self-duality on the finite-size
scaling of Γ(T, gc, L)? Let us show that the nondiver-
gence of Γ(T, gc) as T → 0 at a self-dual QCP is recovered
if the thermodynamic limit is taken properly. As shown
in the previous section, the Hamiltonian H(g) near a self-
dual QCP can be written as an exactly self-dual part
HSD(g) plus an extra boundary term B(g) up to irrel-
evant operators, H(g) = HSD(g) + B(g), thus the free
energy f(T, g, L) of H(g) differs from that of HSD(g) by
a boundary term,
f(T, g, L) = fSD(T, g, L) + fB(T, g, L). (12)
In the finite-size scaling of fSD(T, g, L) in the quantum
critical regime, fSD(T, g, L) ' T d/z+1φ˜SD(x, y), and the
scaling function φ˜SD(x, y) satisfies ∂xφ˜SD(0, y) = 0 for
any y, because the self-duality acts as a unitary trans-
formation on any finite-size lattices for the Hamiltonian
HSD(g). The excess contribution from the boundary sat-
isfies [14]
fB(T, g, L) ' ξ
L
(ξτξ
d)−1φ˜B(x, y) ∝ T d/z+1yφ˜B(x, y),
(13)
in which ξ ∝ T−1/z, and ξτ ∝ T−1 are the spatial and
the temporal correlation lengths in the quantum critical
regime, respectively. Therefore, fB is suppressed by a
factor of y as compared with fSD. The scaling function
φ˜(x, y) = φ˜SD(x, y)+yφ˜B(x, y), which implies that in the
quantum critical regime,
γ(y) =
z(d+ z − 1/ν)∂xφ˜SD(0, y)
d(d+ z)φ˜SD(0, y)
+O(y)→ 0, (14)
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FIG. 2. The GR of the 1DTFIM at the QCP on finite-size lattices with (a) the PBC and (c) the open boundary condition
(OBC). By rescaling the axes, we find perfect data collapse in (b) and (d) in a form given by Γ(T, gc, L)− 1/2 ' T−1γ(y), in
which y = 1/TL. A 1/2 is subtracted from Γ(T, gc, L) to take care of the subleading nondivergent part. The red dashed lines
are the power-law fitting in the y → 0 limit: γ(y) ∝ y3 in (b) and γ(y) ∝ y in (d). The blue dashed lines are the fitting of
γ(y) ∝ y−1 in the y →∞ limit, which comes from the low-energy excitations in the T  1/L limit.
as y → 0. The boundary contribution vanishes if the
thermodynamic limit is taken by sending y → 0.
The GR of the 1DTFIM at the QCP calculated with
the periodic and the open boundary conditions are shown
in Fig. 2, which exhibit perfect data collapse consistent
with the scaling form in Eq. (10). The scaling function
γ(y) is not identically zero, thus Γ(T, gc, L) ∝ T−1/zν
as T → 0 with y fixed at a finite value. However, we
find γ(y) → 0 as y → 0, which is compatible with Eq.
(14). The numerical results of the PBC suggests an even
faster decay, γ(y) ∝ y3, because the boundary term B =
2P−σzNσ
z
1P− is nonzero only in the Z2-odd sector, thus
its contribution to the free energy is further suppressed
by the excitation gap.
Finite-size corrections to energy and transverse
magnetization.—The information of the self-duality can
also be inferred from the finite-size corrections to
the transverse magnetization at the QCP, because the
leading-order correction comes from the singular part of
the free energy and is not changed by irrelevant pertur-
bations. We consider the scheme of taking the thermo-
dynamic limit with a fixed y = 1/T 1/zL, which is usu-
ally adopted in numerical simulations of quantum critical
phenomena.
The finite-size correction to the energy density at the
QCP scales as δ(T, gc, L) ∝ T d/z+1 ∝ L−(d/z+1), which
is valid no matter whether the QCP is self-dual. The
results for the 1DTFIM are shown in Fig. 3 (a).
On the other hand, the finite-size correction form of the
transverse magnetization is modified by the self-duality.
For a generic QCP, the leading-order correction scales as
δmx(T, gc, L) ' −T d/z+1−1/zν∂xφ˜(0, y)
∝ L−(d/z+1−1/zν)∂xφ˜(0, y).
(15)
The prefactor ∂xφ˜(0, y) is nonzero for a non-self-dual
QCP as well as for the 1DTFIM with the PBC aver-
aged in the total Hilbert space [see Fig. 3 (b)]. In
contrast, the prefactor vanishes for the 1DTFIM with
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FIG. 3. (a) The energy density and (b) the transverse magne-
tization of the 1DTFIM on finite-size lattices with the PBC,
which are evaluated in the total Hilbert space (red squares)
and in the Z2-even sector (purple diamonds) at T = 1/L, and
at the ground state (blue circles). The finite-size correction
to the energy density scales as L−2 in all three cases, while
the correction to the transverse magnetization scales as L−1
in the total Hilbert space and as L−2 in the other two cases,
for which the self-duality is well-defined.
5the PBC if the average is taken in the Z2-even sec-
tor or on the ground state, where the self-duality is a
well-defined unitary transformation, thus the leading-
order correction to mx(T, g, L) comes in higher order,
δmx(T, gc, L) ∝ L−(d/z+1) due to the smooth variation
of the free energy with g.
Summary and discussions.—In summary, we have
shown how the Kramers-Wannier-type self-duality man-
ifests itself in the finite-size scaling of thermodynamic
quantities. In order to define the self-duality as a unitary
transformation, the boundary condition and the symme-
try sector must be properly specified. In the 1DTFIM,
the self-duality cannot be consistently defined in the to-
tal Hilbert space for the Hamiltonian with the PBC;
instead, it can be defined in the Z2-even sector with
the PBC or in the Z2-odd sector with the APBC. Con-
sequently, the GR at the QCP evaluated in the total
Hilbert space diverges as T → 0 for fixed y = 1/T 1/zL,
Γ(T, gc, L) ' γ(y)T−1/zν ; nevertheless, the prefactor
γ(y) vanishes as y → 0. The GR evaluated in the Z2-
even sector with the PBC does not diverge as T → 0 due
to the well-defined self-duality transformation. Besides,
the finite-size corrections to the transverse magnetization
evaluated in the total Hilbert space and in the Z2-even
sector exhibit different power-law behavior. Therefore,
in order to numerically diagnosing the Kramers-Wannier-
type self-duality at a QCP, we must identify the proper
symmetry sectors and boundary conditions of a given
model.
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